Abstract Non-Darcian flow in a finite fractured confined aquifer is studied. A stream bounds the aquifer at one side and an impervious stratum at the other. The aquifer consists of fractures capable of transmitting water rapidly, and porous blocks which mainly store water. Unsteady flow in the aquifer due to a sudden rise in the stream level is analysed by the double-porosity conceptual model. Governing equations for the flow in fractures and blocks are developed using the continuity equation. The fluid velocity in fractures is often too high for the linear Darcian flow so that the governing equation for fracture flow is modified by Forcheimer's equation, which incorporates a nonlinear term. Governing equations are coupled by an interaction term that controls the quasi-steady-state fracture-block interflow. Governing equations are solved numerically by the Crank-Nicolson implicit scheme. The numerical results are compared to the analytical results for the same problem which assumes Darcian flow in both fractures and blocks. Numerical and analytical solutions give the same results when the Reynolds number is less than 0.1. The effect of nonlinearity on the flow appears when the Reynolds number is greater than 0.1. The higher the rate of flow from the stream to the aquifer, the higher the degree of nonlinearity. The effect of aquifer parameters on the flow is also investigated. The proposed model and its numerical solution provide a useful application of nonlinear flow models to fractured aquifers. It is possible to extend the model to different types of aquifer, as well as boundary conditions at the stream side. Time-dependent flow rates in the analysis of recession hydrographs could also be evaluated by this model. Mots clefs double porosité; aquifère fracturé; équation de Forcheimer; écoulement non-Darcien
Studies on fractured media are often based on the assumption that the flow of water through fractures and porous matrix blocks complies with the Darcy's law, which postulates a linear relationship between the specific discharge (macroscopic velocity) and the hydraulic gradient. However, widely available experimental data to justify the validity and applicability of Darcy's law have helped to evolve a general consensus that there is an upper and a lower limit beyond which Darcy's linear law does not hold good (Basak, 1977) . Therefore, any deviation from this linear relationship may be defined as non-Darcian flow (Wu, 2002a) , or nonlinear flow. Basak (1976) studied steady-state non-Darcian seepage through embankments by using the empirical Izbash equation, which models non-Darcian flow. Basak (1977) also investigated the ditch drainage problem and the seepage through a confined aquifer of variable thickness by the same equation. Bordier & Zimmer (2000) studied drainage systems made of coarse materials and showed experimentally that Izbash's and Forcheimer's equations are suitable to describe nonDarcian flow in different coarse materials. A one-dimensional flow towards a vertical fracture is considered by Şen (1986) . In this study, for constant discharge condition from the fracture, a set of analytical solutions for the drawdown distribution and associated type curve were presented for cases with and without storage in the fracture. Şen (1987) presented a study on a similar problem with non-Darcian flow in the fractures; using Forchheimer's equation, he developed analytical solutions and described a type curve matching procedure for aquifer parameter determination. Choi et al. (1997) investigated single-phase fluid flow in fractured formations describing nonDarcian flow through fractures by Forcheimer's equation, while maintaining Darcian flow in blocks. Kohl et al. (1997) carried out field tests in order to investigate non-Darcian flow transients in fractured rock and concluded that a transition from Darcian to turbulent flow regime occurs through fractures. Venkataraman & Rao (1998) identified the ranges of the Reynolds number where the flow through porous media is Darcian, transitional and turbulent, and presented formulations for the friction factor and Reynolds number. Depending on the characteristic length used in the definition of the Reynolds number and the type of the porous material, the start of nonDarcian flow occurs when the Reynolds number is between 0.1 and 1. Wu (2002a) studied nonDarcian flow toward a well in fractured media modifying the Warren & Root (1963) analytical solution by means of Forcheimer's equation. Wu (2002b) also described a numerical method incorporating Forcheimer's equation to investigate single-phased and multi-phased non-Darcian flow in porous and fractured reservoirs, and verified his numerical method by comparing its results against those of analytical methods. Wu (2002b) found that the quasi-steady flow assumption in Warren & Root's model provides a good approximation for non-Darcian flow cases, as long as the double-porosity concept applies. Wen et al. (2006) presented the non-Darcian flow towards a well which fully penetrates a single vertical fracture on the basis of the Izbash equation.
The above literature survey reveals that numerous studies have provided significant insight into the flow behaviour in fractured media. There is consensus that flow in fractures is particularly prone to become non-Darcian because of high velocities. Examples may be found from various fields. The flow in the fracture near a pumping well installed in a fractured aquifer could be extremely high (Choi et al., 1997) . Flow in a crack or fracture under a high hydraulic gradient, such as that near a dam, may result in very high flow velocities (Qian et al., 2005) . Kohl et al. (1997) reported non-Darcian flow in natural rocks in a test site. Obviously in these situations Darcy's law is no longer applicable. A fundamental understanding of the physical nature of nonDarcian flow is still limited and needs further investigation. The lack of sufficient investigations into non-Darcian flow prevents us from understanding how serious the problem could be if Darcy's law is used to study a non-Darcian flow. Consequently, investigating nonlinearity of flow and its impact on the flow behaviour has important scientific merit and application value in hydrology (Qian et al., 2005) . Furthermore, such investigations will benefit many other disciplines, such as petroleum, environmental, chemical and geotechnical engineering, that deal with non-Darcian flow and transport.
Traditionally, fractured rocks are modelled as either continuous or discrete media (Qian et al., 2005) . In the continuous models, fractured media are often treated either as equivalent homo-geneous porous media, or as media with multi-porosity/multi-permeability, to reflect various hydrological properties of the fractures and solid matrixes (Barenblatt, et al., 1960; Huyakorn & Pinder, 1983; Bai, et al., 1993) . In the discrete models, geometrical properties of the fractures, such as aperture, orientation, and inter-connection and distribution of the fracture networks, are taken into consideration (Ge, 1997; Cornaton & Perrochet, 2002; Wen et al., 2006) . Although it is difficult to describe the exact nature of flow in complex fractures, for example, Ge (1997) derived a general governing equation for fluid flow in fractures bounded by rough surfaces, considering the true aperture and tortuosity variations. In karst aquifers, in addition to an interconnected network of fractures with apertures of several centimetres, even conduits having diameters in the order of metres have been considered (Jeannin, 2001) . Discrete fracture models will not be discussed further in this study.
In the present paper, the selected approach is the double-porosity conceptual model, which is based on a continuum concept. It appears from the literature that one-dimensional non-Darcian flow in a fractured aquifer has not been considered. The purpose of the study is to investigate onedimensional transient groundwater flow occurring in a fractured aquifer using the nonlinear Forchheimer's equation for the flow through fractures while considering Darcian flow in blocks, with quasi-steady-state transfer between fractures and blocks. The objective also includes the formulation of the problem in terms of piezometric head.
The proposed model may be used in the prediction of time-dependent flow rates to or from a fractured aquifer per unit length of the stream, induced by a change in the stream stage created either naturally or artificially. Similarly, it may be used for the estimation of flow towards a construction or mine excavation site located in, and a tunnel drilled through, a fractured aquifer.
A general description of the problem is presented in Fig. 1 . The fractured aquifer is finite and confined. A stream bounds the aquifer at one side and an impervious stratum at the other. The stream stage is subject to a step rise which results in unsteady flow in the aquifer. The aquifer characteristics and the nonlinearity determine the flow behaviour. Fig. 1 Schematic demonstration of the aquifer parameters (Önder, 1998) .
THEORETICAL BACKGROUND

Forcheimer's equation
Darcy's law is valid only in certain seepage velocity domains, and the first deviation from this model is due to the inertial effect. Such an effect can be modelled by a quadratic relationship between the flow rate and the pressure drop (Islam & Nandakumar, 1988) . Forcheimer suggested an expression which can be characterized as the empirical modification of Darcy's model (Choi et al., 1997) . Although initially based on experimental results alone, Forcheimer's equation is found to have a theoretical justification (Basak, 1976) . It is the equation most widely used to describe non-Darcian flow. Forcheimer's equation, in terms of hydraulic gradient, can be expressed in the vectorial form as:
where ( )
h is the piezometric head; a and b are the Forcheimer parameters; q r is the specific discharge vector; and q is the magnitude of it. F(q) is a scalar function of the magnitude of the specific discharge vector at any point and, for two-dimensional flow, this can be written as:
For one-dimensional flow in the x-direction, using q for q x , Forcheimer's equation takes the form:
Obviously, when the quadratic part is discarded, in other words, when b = 0, equations (4) and (5) become identical with Darcy's law:
where a is the reciprocal of the hydraulic conductivity, K. Basak (1976) presented the reported values for the Forcheimer parameters a and b for sand and gravel. Bordier & Zimmer (2000) also tabulated the Forcheimer parameters for gravel, geonet and geo-composite materials. Venkataraman & Rao (1998) summarized the published data on the properties of porous media, including parameter b (only for crushed rock and spheres).
Given that there is no available information about the parameter b of fractured porous media in the literature, and that this parameter in a fractured medium should be much greater than that in large-sized porous media, its value in the fractured media should be greater than the maximum value in Venkataraman & Rao's list, which is around 1 × 10 -3 d 2 m -2 . Therefore, it is appropriate to assume that b is of the order of 10 -2 d 2 m -2 for the fractured media.
Governing equations
When dealing with the flow in a fractured porous medium, the microscopic flow patterns inside the individual pores or fractures are overlooked and it is considered that some fictitious average flow is taking place. Therefore, the concept of continuum is employed. The obvious reason for employing the continuum approach in flow through porous media is that it is practically impossible to describe in any exact mathematical manner the complicated geometry of the solid surfaces that bound the flowing fluid at the microscopic level (Bear, 1979) . At each geometric point of a fractured porous medium, following the continuum concept and according to the double-porosity conceptual model, two sets of parameters should be introduced, the first being for the fracture flow and the second for the flow in blocks (Önder, 1998; Choi et al., 1997) . In this respect, two sets of governing equations are required to describe the flow in a fractured porous medium, one for each type of porosity. These equations are then linked by a fluid exchange, or interaction, term describing the quasi-steady-state transfer of fluid from fractures to blocks or vice versa in terms of difference in piezometric heads between the blocks and the fractures. Governing equations for fractures and blocks are derived by combining the equation of motion with the continuity equation.
The differential equation describing the flow in blocks in a fractured confined aquifer, derived from the continuity equation and incorporating Darcy's law, is:
where h b is the piezometric head in blocks; t and x are time and space variables respectively; B is the thickness of aquifer; K b is the hydraulic conductivity of blocks; S b is the storage coefficient of blocks; and ν d is the interaction term.
The procedure for the derivation of this equation may be found in Huyakorn & Pinder (1983) . For the non-Darcian fracture flow, equation (8) should be modified by replacing Darcy's law with Forcheimer's equation (Altınörs, 2005) :
where h f is the piezometric head in fractures and S f is the storage coefficient of fractures.
Note that, in equation (9), it is assumed that F(q) is not a function of x. Furthermore, equations (8) and (9) In fractured aquifers, generally the conducting capability of the blocks is much less important than their storage capability. Therefore, as an assumption, the term on the left-hand side of equation (8) (Barenblatt et al., 1960; Warren & Root, 1963; Streltsova-Adams, 1978) . Based on this assumption, Önder (1998) presented an analytical solution for the same problem. However, in his solution, he assumed that the flow in both the fractures and blocks is Darcian.
Fluid transfer between fractures and blocks
For the flow in a fractured medium, fracture-matrix interactions can be handled with a similar approach to that in the existing literature (Barenblatt et al., 1960; Warren & Root, 1963; Wu, 2002b) . In fractured aquifers, according to that approach, a quasi-steady transfer of water occurs between the blocks and the fractures, while the flow takes place in matrix blocks and fractures. The rate of transfer depends on the piezometric head difference between blocks and fractures, as well as the geometry and other properties of the fractured medium. The interaction term, ν d , describing the fluid transfer rate between fractures and blocks can be expressed as (Önder, 1998) :
where ε is the fluid transfer parameter describing the properties of the fractured medium and T b is the transmissivity of blocks.
Various formulations similar to equation (10) have been suggested and used for the interaction term by several researchers such as Warren & Root (1963) and Duguid & Lee (1977) .
Non-Darcian fracture-to-matrix flow may occur and, in general, should be taken into consideration. However, Wu (2002b) concluded that the impact of the non-Darcian fracture-matrix flow can be ignored for almost all practical purposes in a typical fractured aquifer.
Flow rate
The rate of the flow per unit width from the stream to the aquifer can be calculated using Darcy's law. In a fractured aquifer whose depth is B, the total flow from the stream to the aquifer is:
where Q is the flow rate and T f is the transmissivity of fractures. In equation (12), the rate of the flow from the stream into blocks is ignored as the conducting capability of blocks is negligibly smaller than that of the fractures. For the case of a radial flow towards a well, this assumption is verified by numerical modelling by Kazemi et al. (1969) . Ward (1964) and later Venkataraman & Rao (1998) defined the Reynolds number in porous media as:
Reynolds number
where R e is the Reynolds number, g is the gravitational acceleration and ν is the kinematic viscosity. This equation can be applied to fractured porous media. In view of the assumption of Barenblatt et al. (1960) , Warren & Root (1963) and Streltsova & Adams (1978) , the Reynolds number is calculated using only the hydraulic conductivity of fractures as:
Initial and boundary conditions
The initial and boundary conditions to be satisfied by the piezometric head for the fractures and the piezometric head for the blocks are:
where h o is the initial piezometric head, s o is the step rise or built-up in the stream stage, and L is the length of the aquifer.
Note that the normal derivative of the piezometric head at the impervious boundary is 0, as it is a no-flow boundary.
NON-DIMENSIONALIZATION OF THE GOVERNING EQUATIONS AND BOUNDARY CONDITIONS
In order to non-dimensionalize the governing equations and related initial and boundary conditions, the following dimensionless variables, which are similar to those presented by Streltsova (1976) and Önder (1998) , may be defined as:
where z b and z f are dimensionless build-ups for blocks and fractures respectively, λ is the dimensionless space variable and θ is the dimensionless time variable. When these dimensionless variables are introduced into equations (8) and (9), the nondimensional partial differential equations (25) and (26) are obtained for the blocks and the fractures, respectively:
Recall that Forcheimer's equation is incorporated in equation (26). The non-dimensional initial conditions take the form:
The non-dimensionalized boundary conditions for the stream side are:
and for the impervious boundary:
The dimensionless flow rate, Q d , is defined similar to Önder (1998) as:
where Q d is the dimensionless flow rate.
SOLUTION
The dimensionless governing equations (25) and (26) are discretized by the Crank-Nicolson implicit scheme which predicts the values of dependent variables of the next time step using the known values of the previous time step. Therefore, the initial values must be known for calculation. In this context, it is assumed that initially the water level in the stream and in the aquifer is horizontal and there is no flow. Accordingly, the fluid transfer rate and the parameter b of Forcheimer's equation are assumed as 0 at the initial stage.
The derivative boundary conditions (31) and (32) are discretized by the backward finite difference formulation and the scalar function F(q) is discretized by the central finite difference approximation.
A step rise is imposed as a boundary condition in the stream and the set of simultaneous algebraic equations for the fractures and the blocks is solved successively by backward substitution and the dimensionless build-ups for the fractures and the blocks with respect to dimensionless time and space are obtained.
Equation (9) contains the nonlinear term [B/F(q)]∂ 2 h f /∂x 2 , where F(q) depends on h f . Such a term is conveniently represented by regarding the term B/F(q) as coefficient at each mesh point and approximating ∂ 2 h f /∂x 2 by the central finite difference approximation. Calculation of the scalar function F(q) requires the computation of the flow rate through the fractures at all mesh points. Therefore, the dimensionless build-ups for the fractures are converted to the dimensional ones and Darcy's equation is used to calculate the flow rate. Then, the Forcheimer term is calculated at all mesh points and updated to be used for the next step calculations.
The flow rate from the stream to the aquifer is calculated using equation (12), which is discretized using the forward difference approximation:
where h 0 is the piezometric head at the stream boundary and h f1 is the piezometric head at the first internal mesh point. Finally, the dimensionless flow rate from the stream to the aquifer is calculated using equation (33). Calculations are terminated when the new steady-state condition is reached i.e. the dimensionless build-ups for the fractures and the blocks are very close to 1 at all mesh points. Calculations are based on the aquifer parameters which are taken from Önder (1998) and presented in Fig. 1 . The following dimensionless parameters are introduced for practical reasons:
In the above equations, η is the storativity contrast, κ is the conductivity contrast and δ is the diffusivity contrast.
RESULTS AND DISCUSSION
Solution of the dimensionless governing equations yields dimensionless flow rate from the stream to the aquifer per unit width with respect to dimensionless time. Dimensionless flow rate versus dimensionless time curves can be constructed for various combinations of storativity, conductivity and diffusivity contrasts. First, it is worth discussing the flow behaviour from the stream to the aquifer, which is generally divided into three periods. In the initial period, i.e. at early times, when cross-flow (fracture to block flow) has not yet developed, the aquifer behaves like a homogeneous aquifer having the same transmissivity and storage coefficient as the fractures. Therefore, the rate of the flow from the stream to the aquifer is high due to high fracture transmissivity. Fracture-to-block flow develops in the second period and the response of the aquifer enters into transition. In this period, the flow from the stream to the aquifer is controlled by the low transmissivity of the blocks, but also by their high storage capability. Thus, water is mainly stored in the blocks and the flow in the aquifer slows down. At late times, when matrix and fracture pressures equalize and fracture-to-matrix flow ceases, the water transmission is governed by the transmissivity of the fractures, T f , whereas fluid release is controlled by the combined storage capacities of fractures and matrix blocks (S = S f + S b ). The aquifer thus behaves again like a homogeneous medium.
Secondly, the comparison of the results of the numerical solution to the results of the analytical solution provided by Önder (1998) is presented. Figure 2(a) shows the case η = 10, δ = 5 and κ = 3.125 × 10 -5 . It is obvious from the figure that numerical and analytical solutions give almost the same results. For the case η = 10, δ = 10 and κ = 6.25 × 10 -5 , as in Fig. 2(b) , there is a slight difference between the curves of numerical and analytical solutions at early times, but the curves overlap at later times. In Fig. 2(c) , where η = 10, δ = 1 and κ = 6.25 × 10 -5 , a slight difference between the curves of numerical and analytical solutions persists, however the curves overlap at much later times.
It is obvious that the difference between the numerical and the analytical solutions are reasonably small when the flow in the fractures is also assumed Darcian. However, it would be necessary to prove this quantitatively. In this respect, the root mean square error has been calculated using the RMS error defined as (Mathews, 1988) :
at the points where the analytical solution is available. For the three cases, RMS errors are reasonably small as shown in Table 1 . Furthermore, the ratio between RMS error and average flow rate, Q d average , is calculated to provide an idea about the level of error. This ratio is of the order of 10 -3 or less for all cases. Therefore, it could be concluded that the numerical and analytical solutions give very close results.
The non-Darcian effect on the flow from the stream to the aquifer is investigated by changing the parameter, b, while fixing the other aquifer parameters in the numerical calculations. However, (c) (d) it is worth noting that 0.5 is an extreme and unrealistic value for b and is used to see the effect of nonlinearity on the flow more clearly, in an exaggerated way. Figure 3 (a) shows the dimensionless flow rate versus dimensionless time curves when T f is 280 m 2 d -1 . It is apparent from the figure that all curves perfectly overlap except for the curve of b = 0.5 that means the non-Darcian effect on the flow is negligible, even non-existent. The nonDarcian effect is slightly visible at early times only for the extreme value b = 0.5. Therefore, the parameter b has almost no influence on the flow rate when T f is 280 m 2 d -1 . For this case, the Reynolds number is around 1 × 10 -2 . When T f is increased five times to 1400 m 2 d -1 , the difference between the curves of Fig. 3 (b) becomes visible. Therefore, the nonlinearity has an effect on the flow rate. In this case, the Reynolds number is around 0.1. Furthermore, when T f is increased to 2800 m 2 d -1 , as in Fig. 3(c) , the influence of nonlinearity on the flow rate is significant even for the very small value of b = 0.005 and the Reynolds number is around 0.3. In Fig. 3(d) , where T f is 5600 m 2 d -1 , the Reynolds number is around 0.8 and the nonlinear effect is very significant. Given that the total flow is the area under each curve, it can be concluded that the rate of the flow from the stream to the aquifer increases while the term b increases. As the increase in T f makes the non-Darcian effect more significant, it also increases the flow rate.
Flow rate is maximum at early times up to dimensionless time (equation (24)) θ = 10 -3 -10 -2 . It stays constant for a while, and then decreases almost linearly. All of the curves merge at later stages. That means flow rate is quite small so that the effect of nonlinearity disappears.
The effects of transmissivity of fractures and Reynolds number on non-Darcian flow are presented in Table 2 The results obtained are consistent with the ones available in the literature (Beavers & Sparrow, 1969; Ahmed & Sunada, 1969) .
The effect of the storage coefficient of the fractures and the blocks on the flow rate was investigated by keeping the conductivity contrast and the other parameters constant and changing the storativity contrast in numerical calculations. Figure 4 When η = 1, it means storage coefficients of the fractures and the blocks are equal. For this case, the aquifer functions as a single-porosity aquifer and transition does not take place. For the other cases, i.e. η = 5, η = 10 and η = 50, the effect of the transition is significant and starting points of deviation from the single-porosity aquifer is dictated by the conductivity contrast, κ. As κ decreases, deviation takes place later so that total flow from the stream to the aquifer decreases. It can be concluded that as η gets larger, the amount of water transmitted to and stored in the blocks becomes more, so that the rate of the flow from the stream to the aquifer increases.
The effect of fracture and block transmissivities on the flow rate was investigated by keeping the storativity contrast and the other parameters constant and changing the conductivity contrast in numerical calculations. When η = 1, as in Fig. 5(a) , the aquifer acts almost as a single-porosity aquifer, so that conductivity contrast does not affect the flow rate significantly. Transition does not exist for this case. Flow in the aquifer is mainly dictated by the storativity contrast. For the case η =10, as in Fig. 5(b) , the effect of the transition on the flow rate is significant. As the storage coefficient of the blocks becomes large, more water is transferred from the fractures to the blocks and, in turn, more water is stored in the blocks. In this regard, more water is transmitted to and stored in the aquifer so that the rate of flow from the stream to the aquifer is greater. When the storage coefficient of the blocks is further increased, the transition becomes longer and the effect of conductivity contrast on the flow rate is more significant.
SUMMARY AND CONCLUSIONS
This paper presents a numerical solution for non-Darcian groundwater flow from a stream to a finite fractured confined aquifer system. The response of the aquifer to a sudden rise in the stream level was investigated.
The governing equations based on the double-porosity conceptual model with quasi-steady transfer of water between the fractures and the blocks were derived from the continuity equation. The fluid velocity in fractures is often too high for the linear Darcian flow to be valid, so the governing equation for non-Darcian fracture flow is modified using Forcheimer's equation which incorporates a nonlinear term. However, the flow in the blocks is Darcian. The governing equations are solved numerically by the Crank-Nicolson implicit scheme.
The flow in the aquifer is controlled by dimensionless parameters representative of aquifer characteristics, namely storativity contrast, η, conductivity contrast, κ, and diffusivity contrast, δ. As the flow in the fractures is non-Darcian, the term b of Forcheimer's equation has significant effect on the flow. The sudden rise in the stream was selected as the boundary condition in order to make comparison with the available analytical solution for the Darcian flow case. The proposed numerical model may also be used when the change in the stream stage is arbitrary.
As the storativity contrast increases, more water can be stored in the blocks so that more water is transferred from the fractures to the blocks primarily during the transition period. This also increases the rate of the flow from the stream to the aquifer, since more water can be taken by the fractures. The increase in the conductivity contrast also increases the flow rate. However, the effect of the conductivity contrast on the flow rate depends on the storativity contrast which dictates the duration of the transition period.
The rate of the flow from the stream to the aquifer increases as b increases, provided that the Reynolds number is greater than 0.1. The increase in the transmissivity of fractures and the hydraulic gradient makes the non-Darcian effect on the flow rate more significant.
The proposed model and its numerical solution is a useful application for the evaluation of time dependent flow from a stream to the finite fractured confined aquifer. It can be extended to different types of aquifers as well as boundary conditions at the stream side by certain modifications.
In the mathematical formulation of the proposed model, piezometric head, which is the sum of pressure and elevation heads, is selected as the main dependent variable. However, in most previous studies, pressure head is taken as a dependent variable.
